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Similarity Analysis for Transpired Turbulent Boundary
Layers Subjected to External Pressure Gradients

Raúl Bayoán Cal∗ and Luciano Castillo†

Rensselaer Polytechnic Institute, Troy, New York 12180

The problem of transpired turbulent boundary layers with and without pressure gradient has been studied
using similarity analysis of the equations of motion. A blowing parameter has been obtained from the similarity
analysis, which includes the imposed vertical velocity at the wall. By using the experimental data from Andersen
et al. (Andersen, P. S., Kays, W. M., and Moffat, R. J., “The Turbulent Boundary Layer on a Porous Plate: An
Experimental Study of the Fluid Mechanics for Adverse Free-Stream Pressure Gradients,” Dept. of Mechanical
Engineering, Stanford Univ., Rept. HMT-15, Stanford, CA, May 1972), several notable results were found. First,
the mean deficit profiles subjected to suction or blowing in zero pressure gradient and adverse pressure gradient
collapse with the freestream velocity, but to different curves depending on the strength of the blowing parameter
and the pressure gradient. Second, the dependencies on the blowing parameter, the local Reynolds number, and
the strength of pressure gradient are nearly removed from the outer flow when the mean deficit profiles are
normalized by the Zagarola/Smits scaling, U∞(δ∗/δ). Third, the boundary layers subjected to suction or blowing
are in equilibrium when the pressure parameter Λ ≡ [δ/ρU2

∞(dδ/dx)](dP∞/dx) is a constant. Moreover, the value
of this constant is directly affected by the blowing parameter, V+

0 = [V0/U∞(dδ/dx)].

Nomenclature
C f = friction factor
dδ/dx = boundary-layer growth
fop = outer velocity profile (at finite δ+)
fop∞ = asymptotic outer velocity profile in the limit as

δ+ → ∞
H = shape factor, δ∗/θ
Rso = outer Reynolds stress scale
Rex = Reynolds number based on x
Reδ = Reynolds number based on δ
Reθ = Reynolds number based on θ
Uso = unknown outer velocity scale
U∞ = freestream velocity
U∞ − U = mean velocity deficit
U∞δ∗/δ = Zagarola/Smits scaling
u∗ = friction velocity,

√
(τw/ρ)

V0 = blowing velocity
V +

0 = blowing parameter, V0/U∞(dδ/dx)
ȳ = outer similarity length scale, y/δ
β = Clauser pressure gradient parameter,

(δ∗/ρu2
∗)(dP∞/dx)

δ = boundary-layer thickness, e.g., δ95

δ∗ = displacement thickness,
∫ ∞

0
(1 − U/U∞) dy

δ+ = local Reynolds-number dependence, δu∗/ν
θ = momentum thickness,

∫ ∞
0

(U/U∞)(1 − U/U∞) dy
� = pressure parameter, [δ/ρU 2

∞(dδ/dx)](dP∞/dx)
�β = transpired pressure parameter, (δ/ρU∞V0)(dP∞/dx)
∗ = unknown dependence on upstream conditions

I. Introduction

T RANSPIRED boundary layers have been extensively studied in
fluid mechanics because of their industrial applications partic-
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ularly to flow control. Some of the advantages of using transpiration
are retarding separation through the use of suction and increasing the
boundary-layer thickness when using blowing. In past studies, this
transpiration effect has been denominated by a blowing parameter,
which was prescribed by Simpson et al.1 as

B1 = (ṁ ′′/G ′)/(C f /2) (1)

and by Andersen et al.2 as

B2 = V0U∞/(τw/ρ) (2)

By means of nondimensionalization, the blowing parameter in
Eq. (1) was defined using the density times the velocity at the wall
ṁ ′′ = ρoV0, the skin-friction coefficient C f , and a variable that de-
scribes the density times the freestream velocity G ′ = (ρU )∞. Sim-
ilarly in Eq. (2), a nondimensionalized parameter B2 was formed
using the blowing velocity V0, the fluid density ρ, the freestream
velocity U∞, and the wall shear stress τw . Both research groups per-
formed a series of experiments in which the transpired velocity V0

was kept constant or it was varied along the streamwise direction
x . Their primary concern was to find and analyze the skin-friction
coefficient C f . Furthermore, their analysis was based on the law of
the wall for boundary layers with and without pressure gradients.

In 1977, Schetz and Nerney3 used blowing and surface roughness
to illustrate the problem of transpiration in turbulent boundary lay-
ers. The blowing velocity was normalized using the friction velocity
u∗, thus forming another dimensionless blowing parameter V0/u∗.
In addition, the velocity profiles normalized by the friction velocity
failed to collapse. The friction velocity u∗ has been used by Clauser4

and others to normalize the outer deficit profiles in studies of both
nontranspired and transpired turbulent boundary-layer flows.

In the classical theory, it was proposed that a single velocity scal-
ing exists in the overlap region of the turbulent boundary layer with
and without an external pressure gradient. Moreover, it was expected
that this single velocity scaling would collapse the profiles into a
single curve, thus demonstrating that both the outer and inner re-
gions are independent of the Reynolds number. For boundary layers
subjected to pressure gradients, Clauser defined an equilibrium flow
as one where the pressure gradient parameter β is given by

β = δ∗
ρu2∗

dP∞
dx

= constant (3)
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and where the outer mean deficit profiles normalized by the friction
velocity must be independent of the Reynolds number. This specific
set of conditions led Clauser to conclude that few flows are indeed
in equilibrium and that most adverse-pressure-gradient (APG) flows
are nonequilibrium.

More recently, Thomas and Hasani5 showed that the mean veloc-
ity deficit profiles normalized as

(
u++ − U++

∞
) = f0(ȳ) (4)

where

u++ = U/U ∗∗, U++
∞ = U∞

/
U ∗∗

and

U ∗∗ = u∗(1 + β + B2)
1
2

where the blowing parameter B2, shown in Eq. (2) was previously
defined by Andersen et al.2 This scaling improves the collapse of the
profiles subjected to an external pressure gradient and transpiration.
The Clauser parameter β was included in the scaling and defined
in Eq. (3). Notice that U ∗∗ depends on both the pressure param-
eter and the blowing parameter. For zero-pressure-gradient (ZPG)
flows without transpiration, this scaling yields the classical scaling.
More importantly, this empirical scaling will be used in this pa-
per for comparison with the classical scaling, the Castillo/George6

scaling (CG) and the Zagarola/Smits7 scaling (ZS). Moreover, the
scaling proposed by Thomas/Hasani5 (TH) fails to collapse the data
when the parameters β + BM ≥ −1 and the scaling U ∗∗ → ∞ when
β + BM = −1.

Sucec and Oljaca8,9 used integral methods to solve for the ve-
locity profile and the skin-friction coefficient, but failed to present
any plots of the velocity profiles for this problem of transpiration.
Kim and Sung10 looked at the effects of blowing or suction us-
ing direct numerical simulation. Their results follow the trends of
a study done by Antonia et al.,11 where the effect of suction on a
low-Reynolds-number turbulent boundary layer was examined. Al-
though the Reynolds stresses and wall shear stress were measured,
the profiles failed to collapse into a single curve when normalizing
using the friction velocity and the kinematic viscosity.

Therefore, the goal of this investigation is to use similarity anal-
ysis of the equations of motion to determine the scaling for the
outer flow and to find the asymptotic velocity profile for turbu-
lent boundary layers subjected to suction or blowing. It is also of
interest to investigate the influence of suction, blowing, pressure
gradient, and upstream conditions on the outer flow. Furthermore,
it will be shown that the mean deficit velocity profiles normalized
by the freestream velocity U∞ collapse the data, but to different
curves for ZPG and APG. This is true as long as the upstream con-
ditions are kept fixed (i.e., upstream wind-tunnel speed). Addition-
ally, it will be demonstrated that the value of the pressure parameter
� for the boundary layer subject to APG in a transpired flow is
not the same as the value found in Castillo and George,6 that is,
� ≡ [δ/ρU 2

∞(dδ/dx)](dP∞/dx) ∼= 0.22, and it is directly affected
by the strength of the blowing parameter V +

0 . It will also be con-
firmed that the blowing parameter directly affects the behavior of
the downstream flow.

II. Similarity Analysis
The scales for different quantities in the turbulent boundary layer

are obtained when the equilibrium similarity analysis is applied to
the governing equations. George and Castillo12 applied this concept
to the Reynolds-averaged Navier–Stokes (RANS) equations in order
to determine the mean velocity and Reynolds stresses scales in the
outer flow of a ZPG turbulent boundary layer. A similar approach
is adopted here for the outer turbulent boundary layer subjected to
transpiration and an external pressure gradient.

A. Outer-Boundary-Layer Equations
The equations of motion and boundary conditions for the outer

part (ȳ > 0.1 or y+ = 0.1δ+ where δ+ = δu∗/ν) of a pressure gra-
dient turbulent boundary layer (with constant properties) at high
Reynolds number are given as

∂U

∂x
+ ∂V

∂y
= 0 (5)

U
∂U

∂x
+ V

∂U

∂y
= − 1

ρ

dP∞
dx

+ ∂

∂y
[−〈uv〉] (6)

where U = 0, V = V0 as y = 0 and U → U∞, −〈uv〉 → 0 as y → ∞.
This complete set of equations, boundary conditions, and its de-
velopment into the outer equation have been described in detail by
Tennekes and Lumley13 for a ZPG turbulent boundary layer and
by Castillo and George6 for a pressure-gradient turbulent bound-
ary layer. Notice that the gradients of the viscous terms and normal
stresses in the momentum equation have been neglected because
they are second-order terms compared to the inertial and Reynolds
shear-stress terms. This is true for APG flows far from separation.14

For a finite Reynolds number, the gradient of the viscous terms plays
a role in the region near the wall of the boundary layer as shown by
Wei et al.15 This inner region is composed of the viscous sublayer,
the buffer layer, and the overlap region. More important, the region
where the viscous terms are important outside of the viscous sub-
layer region has been precisely defined by George and Castillo12 as
the mesolayer region (30 ≤ y+ ≤ 300).

For boundary layers with transpiration, the integral boundary-
layer equation is given as

C f

2
= dθ

dx
+ θ

U∞

dU∞
dx

(2 + H) − V0

U∞
(7)

where the friction factor C f can be directly computed from this
equation, which takes into account the effect of the vertical velocity
at the wall V0.

B. Similarity Solution Form
It is assumed that the velocity and Reynolds shear stress can be

written in terms of a product solution of two functions. The outer
mean velocity deficit U∞ − U and the Reynolds shear stress are
expressed as

U∞ − U = Uso(x) fop

(
ȳ, δ+, �, V +

0 , ∗) (8)

−〈uv〉 = Rsouv
(x)ropuv

(
ȳ, δ+, �, V +

0 , ∗) (9)

where Uso and Rsouv
depend on x only and need to be determined

from the equations of motion and boundary conditions. The argu-
ments inside the similarity functions fop and ropuv

represent the outer
similarity coordinate ȳ = y/δ95, the Reynolds-number dependence
δ+ = δu∗/ν, the pressure gradient parameter �, the blowing param-
eter V +

0 , and any possible dependence on the upstream conditions ∗,
respectively. Some of the upstream conditions can include the up-
stream wind-tunnel speed U0, the turbulence intensity, or the geom-
etry and size of the tripping device to mention a few. The pressure
parameter and the blowing parameter are both determined in a sub-
sequent section as a consequence of the similarity constraints. The
blowing parameter is studied in the remaining parts of this paper in
order to understand the effects of this parameter on the downstream
flow.

C. Asymptotic Invariance Principle
This principle is based on the fact that in the limit as the Reynolds

number approaches infinity the turbulent boundary-layer equa-
tions become Reynolds-number invariant. Because in the infinite
Reynolds-number limit, the outer equations become independent of
δ+, and so must the properly scaled solutions to them. Hence, in this
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limit Eqs. (8) and (9) must also become independent of Reynolds
number; thus,

fop

(
ȳ, δ+, �, V +

0 , ∗) → fop∞
(

ȳ, �, V +
0 , ∗) (10)

ropuv

(
ȳ, δ+, �, V +

0 , ∗) → rop∞uv

(
ȳ, �, V +

0 , ∗) (11)

The subscript op∞ is used to establish the difference between these
infinite Reynolds-number solutions and the finite Reynolds-number
solutions in Eqs. (8) and (9). In the following sections, it will be
shown that when ZPG and APG boundary layers are normalized by
the Zagarola/Smits scaling U∞(δ∗/δ), the effects of blowing param-
eter, upstream conditions, and the strength of the pressure gradient
are nearly removed from the outer flow. This result is very important
because the true asymptotic profiles for ZPG and APG can be found
even at finite Reynolds number.

D. Transformed Similarity Equation
Using the asymptotic functions shown in Eqs. (10) and (11), it is

feasible to obtain an outer scaling along with various constraints for
the outer flow. Substituting these equations into Eq. (6), the partial
differential equation is converted into a second-order differential
equation and is given as
[
δ

dU∞
dx

+ δU∞
Uso

dUso

dx

]
fop∞ +

[
δ

dUso

dx

]
f 2
op∞

+
[

U∞
dδ

dx
+ δ

dU∞
dx

]
ȳ f ′

op∞ +
[

Uso
dδ

dx
− δ

dUso

dx

]
f ′
op∞

×
∫ 1

ȳ

fop∞(ỹ) dỹ +
[

V0 − δ
dU∞
dx

]
f ′
op∞ +

[
δU∞
Uso

dU∞
dx

]

= −
[

1

ρ

dP∞
dx

]
−

[
Rsouv

Uso

]
r ′

op∞uv
(12)

To have an equilibrium boundary layer as defined by Castillo and
George,6 all of the terms in square brackets must maintain a rel-
ative balance between each other as the flow develops. Therefore,
equilibrium similarity solutions exist only if all of the terms within
the square brackets possess the same x dependence and are also
independent of the similarity coordinate ȳ. Consequently,

δ
dU∞
dx︸ ︷︷ ︸
1

∼ δU∞
Uso

dUso

dx︸ ︷︷ ︸
2

∼ δ
dUso

dx︸ ︷︷ ︸
3

∼ U∞
dδ

dx︸ ︷︷ ︸
4

∼ Uso
dδ

dx︸ ︷︷ ︸
5

∼ V0︸︷︷︸
6

∼ 1

ρ

dP∞
dx

︸ ︷︷ ︸
7

∼ Rsouv

Uso︸︷︷︸
8

(13)

The symbol ∼ denotes that the terms are proportional to each other;
thus, a relative balance should remain among them as the flow
evolves. The scales for the outer flow are determined in this limit as
Re → ∞. Using terms 4 and 5 from Eq. (13), the outer velocity Uso

yields into

Uso ∼ U∞ (14)

and from terms 4 and 8 along with Eq. (14), it follows that

Rsouv
∼ U 2

∞
dδ

dx
(15)

These scalings for the mean deficit profiles and Reynolds shear
stress are the same for a transpired flow and a nontranspired flow.
However, there are some new constraints, which arise as a result of
the imposed blowing velocity.

E. Additional Constraints
A set of constraints pertaining to the problem of turbulent bound-

ary layers subjected to transpiration has been found after applying
the equilibrium similarity analysis to the equations of motion. For
example, the blowing parameter is defined from the terms 4 and 6
in Eq. (13) as

V +
0 = V0

U∞(dδ/dx)
(16)

Similarly, the pressure parameter � must be a constant obtained
from terms 1 and 4 or from terms 4 and 7 in Eq. (13). Consequently,
the constraint for the pressure parameter is given as

� ≡ − δ

U∞ (dδ/dx)

dU∞
dx

≡ δ

ρU 2∞(dδ/dx)

dP∞
dx

= constant

(17)
which is a necessary condition for an equilibrium flow to exist.6

When this Eq. (17) is integrated for nonzero values of �, a power
relation between δ and U∞ succumbs into

δ ∼ U−1/�
∞ (18)

for equilibrium flows. Consequently, if the data expressed in
log(U∞) vs log(δ) are plotted, a linear relationship between these
two quantities must exist if the flow is in equilibrium, thus yielding
the pressure parameter � as the slope. Surprisingly, Castillo and
George6 and Castillo et al.16 were able to show that many pressure-
gradient boundary layers are indeed equilibrium boundary layers
and that the exceptions are nonequilibrium turbulent boundary lay-
ers. The mentioned theory remains standing and applies even for
flows that are close to separation. More specifically, they showed
that the value of � for turbulent boundary layers subject to APG is
� ∼= 0.22. In a transpired turbulent boundary-layer flow subjected
to pressure gradient, the value of � is directly influenced by the
blowing velocity and can also be described as

�β ≡ δ

ρU∞V0

dP∞
dx

= constant (19)

This transpired pressure parameter can be written in terms of the
pressure parameter � as

�β ≡ �
/

V +
0 = constant (20)

Because � = constant for equilibrium flows, the blowing pressure
parameter �β is directly influenced by the blowing velocity imposed
at the wall.

III. Zagarola/Smits Scaling
After George and Castillo12 and Castillo and George6 applied the

similarity analysis to the boundary layer on ZPG and APG flows,
respectively, they showed that the overlap layer is characterized by
two velocity scalings and not a single scale as in the classical theory.
Consequently, the overlap layer is Reynolds-number dependent, and
in the case of suction or blowing the dependence on the blowing
parameter V +

0 must be included.
ZS7 provided an empirical scaling that could collapse the mean

deficit velocity profiles into a single curve given by U∞(δ∗/δ). The
derivation and proof of this scaling was performed by Castillo.17 Fur-
thermore, this scaling has been applied to several problems such as
boundary layer with roughness18 as well as turbulent boundary lay-
ers subject to changes in the upstream conditions.19 Consequently,
the objective of this section is to find the true asymptotic profiles for
ZPG and PG flows subject to transpiration at finite Reynolds num-
ber. It will be assumed that the same function from the similarity
analysis fop can now be expressed as a product of two functions:

fop

(
ȳ, δ+, �, V +

0 , ∗) = G
(
δ+, V +

0 , ∗) fop∞(ȳ, �) (21)

The function G possesses the dependence on the local Reynolds
number δ+, the blowing parameter V +

0 , and the upstream condi-
tions ∗. The inclusion of the blowing parameter in the first function
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of fop is the main difference in the derivation. On the other hand, the
asymptotic similarity function fop∞ includes the similarity length
scale ȳ and the pressure parameter �. Therefore, this function fop∞
represents the true asymptotic velocity profile, which should be inde-
pendent of Reynolds number, but the shape of the profile can change
depending on type of pressure gradient (ZPG, APG or favorable
pressure gradient). This shape is closely related and dependent on
the value of the pressure parameter �. A similar approach of decom-
posing the profile was done by Castillo17 and Wosnik and George.20

Using the displacement thickness defined as

U∞δ∗ =
∫ ∞

0

(U∞ − U ) dy (22)

for an incompressible flow and the similarity function in Eq. (21),
the function G is obtained. In the limit as the Reynolds number goes
to infinity, it follows that

[δ∗] ≈ [δG]

∫ 1

0

fop∞(ȳ, �) dȳ (23)

As mentioned earlier, the inner part of the boundary layer is not
taken into account in the analysis, but there is a small contribution
at finite Reynolds number. The terms in square brackets must be
proportional to each other; thus,

G ∝ (δ∗/δ) (24)

a) Classical scaling

b) TH scaling

c) CG scaling

d) ZS scaling

Fig. 1 Mean velocity deficit profiles in ZPG and APG without transpiration.

Therefore by combining the function G with Eq. (21), the outer scal-
ing is given as Uso = U∞(δ∗/δ). The term that contains the Reynolds
number, upstream conditions as well as the blowing parameter de-
pendencies, is given by the ratio of the displacement thickness and
the boundary-layer thickness δ∗/δ.

The asymptotic invariance principle (AIP) demands that any sim-
ilarity function that is properly scaled should be asymptotically in-
dependent of the Reynolds number; thus, in the limit as δ+ → ∞,
the function G → G∞ is equal to a constant. If this proposed decom-
position of fop is valid, then all of the effects of upstream conditions,
strength of pressure gradient, and transpiration should be removed
by the ZS scaling.

IV. Experimental Data
The experimental data acquired by Andersen et al.2 using hot-wire

anemometry are used to compare the classical scaling, the scaling
proposed by TH5 the CG6 scaling, and the ZS7 scaling. Table 1
shows a summary of the classical scaling (first row), the TH scaling

Table 1 Outer scalings

Investigator Scaling: Uso Length scale

Classical scaling (U∞ − U )/Uso Uso = u∗ y/δ95

Thomas/Hasani (U∞ − U )/Uso Uso = (u++ − U++∞ ) y/δ95
Castillo/George (U∞ − U )/Uso Uso = U∞ y/δ95
Zaragola/Smits (U∞ − U )/Uso Uso = U∞(δ∗/δ) y/δ95
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shown in the following row, the CG scaling in the third row, and the
ZS scaling in the last row. The TH scaling is a modification of the
classical scaling, whereas the ZS scaling is an actual extension of
the GC scaling.

The ZPG experimental data have a freestream velocity of 31 ft/s.
The APG data are obtained for freestream velocities of 29 ft/s
and are reduced to 17 ft/s. There is a power relationship between
the freestream velocity and the streamwise distance of the form
U∞ ∼ xm . For the APG experimental data, the values of the power
are given as m = −0.15 and −0.20, thus forming a mild and a strong
APG flow. Furthermore, the power m represents the strength of the
pressure gradient. Moreover, the magnitudes of the blowing parame-
ter V +

0 = V0/U∞(dδ/dx), as defined by the similarity analysis, vary
from −0.440 to 0.589. Blowing is represented by V +

0 > 0, whereas
suction is represented by V +

0 < 0. The Reynolds number based on
momentum thickness Reθ ranges from 567 up to 10.8 × 103. Each
run or set of measurements has different conditions of transpiration
or pressure gradient cases as tabulated in Table 2.

Table 2 Data cases and conditions for different runs

Effect ZPG Mild APG Strong APG

Suction Not considered Runs 7–11 Run 20
Blowing Runs 2–5 Runs 13–18 Not considered
Nontranspired Run 1 Run 12 Run 19

a) Classical scaling

b) TH scaling

c) CG scaling

d) ZS scaling

Fig. 2 Mean velocity deficit profiles in APG with suction.

V. Results
A. Velocity Profiles Without Transpiration

Figure 1 shows the mean deficit velocity profiles for nontranspired
flows subjected to ZPG and APG including two different strengths
of adverse pressure gradient. Data runs 1, 12, and 19 are taken from
Andersen et al.2 These particular cases vary in Reynolds number
based on momentum thickness from about 850 ≤ Reθ ≤ 3.7 × 103.

Figure 1a shows the profiles normalized using the classical scal-
ing u∗ and δ95. Notice that in the classical view the profiles should
collapse into a single curve. This figure clearly shows the opposite
effect. However, Fig. 1b shows the same experimental data normal-
ized by the TH scaling. Notice that this scaling contains the effects
of the pressure gradient given by the Clauser parameter β and the
blowing parameter B2. Even though the profiles collapse better than
with the classical scaling, there is some residual dependence on the
Reynolds number. In Fig. 1c, the profiles are normalized by the
CG scaling. Notice that the profiles collapse, but to different curves
showing the effect caused by the external pressure gradient. In fact,
these are called self-similar solutions because the profiles collapse
for a given set of upstream conditions, but the shape changes for
each of the three runs shown. Finally when the ZS scaling shown in
Fig. 1d is used, the profiles collapse to one single curve. More im-
portantly, this scaling nearly removes all effects. The small residual
difference in the profiles is caused by the strength of the pressure
gradient. Castillo and Walker19 showed that the asymptotic profiles
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found using the ZS scaling for APG and ZPG are different; thus,
the present results are consistent with their findings. The boundary-
layer thickness at U/U∞ = 0.95 has been used as the length scale
δ95 for all profiles shown in this paper.

B. Velocity Profiles with Suction
Figure 2 shows the mean deficit velocity profiles subject to suction

in APG flows. The data used for these profiles, runs 7–11 and run
20, are taken from Andersen et al.2 The blowing parameter V +

0
ranges from −0.028 to −0.440, and the Reynolds number based on
momentum thickness varies from 469 up to 3.7 × 103.

Figure 2a shows the APG profiles with suction using the classical
scaling u∗. This friction velocity was obtained from the slope at the
wall and confirmed by the friction factor value from the experimen-
tal data. Notice that the classical scaling fails to collapse the profiles.
However, the velocity profiles shown in Fig. 2b normalized with the
TH scaling show a better collapse than both the classical scaling and
the CG scaling shown in Fig. 2c. Furthermore, notice that when the
CG scaling is used the profiles collapse to different curves, thus ob-
taining self-similar solutions for each experiment. The effects seen
in Fig. 2c are caused by the strength of the blowing parameter and
the strength of the pressure gradient. The more negative the param-
eter (increase in suction), the closer the profiles move toward to the
wall. Notice that run 20 is clearly distinguishable from the others,
and it remains positioned above the other measurements because it
has a stronger adverse pressure gradient. More importantly, notice

a) Classical scaling

b) TH scaling

c) CG scaling

d) ZS scaling

Fig. 3 Mean velocity deficit profiles in ZPG and APG with blowing.

the excellent collapse of the profiles using the ZS scaling as shown
in Fig. 2d. Clearly, the effects of the blowing parameter and pres-
sure gradient are nearly removed from the outer flow. Therefore, this
profile represents the asymptotic profile for APG flows with suction
at finite Reynolds number.

C. Velocity Profiles with Blowing
Figure 3 shows the mean deficit velocity profiles subject to

blowing in ZPG and APG flows. Data runs 2–5 and runs 13–18
from Andersen et al.2 correspond to ZPG and APG, respectively.
The blowing parameter value ranges from 0.025 to 0.589, and the
Reynolds number based on momentum thickness ranges from about
500 ≤ Reθ ≤ 10.8 × 103.

Figure 3a shows the mean deficit velocity profiles normalized
using the classical scaling. Notice that the profiles do not collapse
as expected from the classical theory, consequently showing depen-
dencies on the Reynolds number and blowing parameter V +

0 . The
same experimental data normalized by the TH scaling are shown in
Fig. 3b. Although the profiles tend to collapse and improve signifi-
cantly when compared with the classical scaling, there is still some
variation in the outer region caused by the pressure gradient, blowing
parameter, and Reynolds number. Figure 3c shows the mean deficit
velocity profiles scaled with the CG scaling based on the freestream
velocity. Notice that as the blowing parameter increases, the profiles
tend to move away from the wall. More interestingly, the profiles
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collapse for a given set of conditions (i.e., blowing parameter and
upstream wind-tunnel speed), but to different curves. This indeed
demonstrates again the influence of the blowing parameter on the
profiles in the outer flow. In the bottom of Fig. 3d, the profiles are
now normalized using the ZS scaling U∞(δ∗/δ). Clearly, the ratio
of displacement thickness and boundary-layer thickness δ∗/δ nearly
removes the effects of the blowing parameter, external pressure gra-
dient, upstream conditions, and Reynolds number from the outer
flow; thus, the asymptotic profile is found even at finite Reynolds
number.

D. ZPG Velocity Profiles
Figure 4 shows the mean deficit velocity profiles for ZPG with

and without blowing. The range for the Reynolds number based on
the momentum thickness varies from 500 ≤ Reθ ≤ 10.8 × 103, and
the blowing parameter V +

0 ranges from 0 ≤ V +
0 ≤ 0.589.

In Fig. 4a, the mean deficit velocity profiles are normalized with
the classical scaling. The observed profiles fail to collapse, even
though there is no effect from the external pressure gradient. Mean-
while, the collapse of the profiles using the TH scaling shown in
Fig. 4b improves drastically when modifying the scaling from the
classical scaling to the TH scaling. The profiles using the CG scaling
shown in Fig. 4c do not collapse as well as the TH scaling. However,
observe that for a given blowing range the shape of the profiles is
affected, but there is still a collapse into different curves depending

a) Classical scaling

b) TH scaling

c) CG scaling

d) ZS scaling

Fig. 4 Mean velocity deficit profiles in ZPG with and without blowing.

on each given set of conditions. (i.e., upstream wind-tunnel speed,
blowing parameter, etc.) As mentioned earlier, these are recognized
as self-similar solutions, whereas the profiles normalized by the ZS
scaling yield the self-preserving solutions sought by Townsend.21

As the blowing parameter increases, the profiles move away from
the wall and are independent of Reynolds number. Furthermore,
when the same experimental data are normalized by the ZS scal-
ing as shown in Fig. 4d, the profiles nearly collapse onto a single
curve. This scaling removes almost all of the effects on the outer
flow caused by the blowing parameter. However, notice that the
shape of the asymptotic profile is slightly different for the profiles
with blowing than those without the blowing effect. This observa-
tion leads to the conclusion that the asymptotic profiles for non-
transpired and blowing are quite different as it is the case of ZPG
and APG flows. Using the similarity analysis and the ZS scaling,
Castillo and Walker showed that there are three profiles in boundary
layers: one for ZPG flows, one for FPG flows, and one for APG
flows.

E. APG Velocity Profiles
Figure 5 shows the mean deficit velocity profiles for APG subject

to suction and blowing. The blowing parameter varies from −0.440
to 0.284, representing a wide spectrum in conditions from suction
to blowing. The Reynolds number based on momentum thickness
ranges from about 450 ≤ Reθ ≤ 9 × 103.
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a) Classical scaling

b) TH scaling

c) CG scaling

d) ZS scaling

Fig. 5 Mean velocity deficit profiles in APG with and without transpiration.

Figure 5a shows the mean deficit profiles normalized by the clas-
sical scaling. As with the rest of the profiles, the data fail to collapse
when normalized by the friction velocity u∗, even when the strength
of the pressure gradient is small, given that only the mild APG data
were used. However, the profiles using the TH scaling shown in
Fig. 5b almost collapse, but not as efficiently as the ZS scaling shown
in Fig. 5d. Moreover, the profiles normalized by the freestream ve-
locity shown in Fig. 5c exhibit an interesting behavior. First, notice
that the profiles collapse to a given curve depending on the strength
of the blowing parameter V +

0 . Second, it is seen that as the blow-
ing parameter increases, the profiles move away from the wall and
are independent of the Reynolds number. Inversely, the opposite
behavior is observed when the strength of the blowing parameter
decreases as in the case of suction. On the other hand, the same data
normalized by the ZS scaling of Fig. 5 show an excellent collapse.
However, notice that the shape of the asymptotic profiles for suction
is different from those for blowing. Therefore, the shape of these
profiles is directly affected whether the flow is subjected to blowing
or to suction as it was shown in the scaling by CG shown in Fig. 5c.

F. Boundary-Layer Parameters
Figure 6 shows the relation between the displacement thickness

over the nominal boundary-layer thickness δ∗/δ vs the Reynolds

number based on the momentum thickness Reθ . The parameter
changes over a small range of the Reynolds number in the case
of the APG data shown in Fig. 6b, and it is nearly constant for the
ZPG data shown in Fig. 6a.

The blowing parameter causes the δ∗/δ parameter to grow dif-
ferently from run to run. Furthermore, notice that as the blowing
parameter changes from suction to blowing, this boundary-layer
parameter tends to increase. It is also apparent that for each in-
dividual APG run the parameter decreases locally and separately
from the other cases if there is suction. Inversely, if there is blowing
the parameter increases locally. More importantly, the ratio of δ∗/δ
is indeed the variable included in the ZS scaling, and it captures
the effects of the local Reynolds number, the strength of the pres-
sure gradient, and the blowing parameter as well as the upstream
conditions.

Figure 7 shows the growth of the boundary layer Reδ vs Rex .
Notice that for each case, the boundary layer grows differently and
increases even though the Reynolds-number range is within the same
range of values. As the blowing parameter increases, the boundary
layer grows faster as expected. For the data considered here, the
boundary layer grows linearly. Again, it is seen in Fig. 7b that the
boundary layer grows faster if the strength of the APG is increased
as well as when blowing is imposed at the wall.
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a) ZPG data with and without blowing b) APG data with and without transpiration

Fig. 6 Displacement over nominal thickness δ∗/δ vs Reθ .

a) ZPG data with and without blowing b) APG data with and without transpiration

Fig. 7 Boundary-layer growth: Reδ vs Rex.

G. Pressure Parameter: Λ
Using the similarity analysis of the RANS equations, Castillo

et al.16 showed that the outer part of an adverse-pressure-gradient
turbulent boundary layer tends to remain in equilibrium. It was
demonstrated that an equilibrium flow exists if � = constant and
for � �= 0, δ ∼ U−1/�

∞ . Consequently, when plotting the logarithmic
quantities of U∞ and δ, this power relation between the freestream
velocity and boundary-layer thickness must be linear if an equi-
librium flow exists at all. In previous investigations carried out by
Castillo and George,6 the pressure parameter was found to have a
constant value of about 0.22 for equilibrium flows subjected to an
APG. In the case of turbulent boundary layers with an adverse pres-
sure gradient subjected to blowing or suction, the results are quite
intriguing.

For example, Fig. 8 shows the plot of log(U∞) vs log(δ). Notice
that the plot shown exhibits a dependence on the blowing parameter
V +

0 , consistent with the results from the similarity analysis and the
behavior expected from Eqs. (16–20). As the strength of the blowing
parameter increases, the pressure parameter decreases. Inversely, as
the blowing parameter decreases the pressure parameter increases,
but the flow remains in equilibrium for each particular experiment.
In addition, the value � changes from 0.136 to about 0.255 and that
it is directly affected by the blowing parameter.

Fig. 8 Pressure parameter based on the boundary-layer thickness
Λδ95 represented by the plot of log(U∞) vs log(δ95).
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VI. Conclusions
The mean deficit profiles subjected to suction or blowing in

ZPG and APG boundary layers collapse with the freestream ve-
locity, but to different curves depending on the strength of the
blowing parameter. This is true as long as the upstream condi-
tions are kept fixed. More importantly, the dependencies on the
upstream conditions, pressure gradient, and the blowing parameter
are nearly removed from the mean deficit profiles when normal-
ized by the Zagarola/Smits scaling, U∞(δ∗/δ), and the asymptotic
profile for suction is different from that for blowing. Moreover,
the classical scaling fails to collapse the profiles, even for ZPG
flows. The TH scaling is more efficient in removing the given ef-
fects than the classical scaling or the CG scaling. Furthermore, the
boundary-layer parameters are affected directly by the blowing pa-
rameter. Finally, for the APG data with transpiration, the value of
the pressure parameter � is a constant for a given experimental
test, and its value is directly affected by the blowing parameter
V +

0 = V0/U∞(dδ/dx).
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